Remarks on Weyl geometry and quantum mechanics by Carroll, Robert
ar
X
iv
:0
70
5.
39
21
v3
  [
gr
-q
c] 
 3 
Ja
n 2
00
8
REMARKS ON WEYL GEOMETRY AND QUANTUM
MECHANICS
ROBERT CARROLL
UNIVERSITY OF ILLINOIS, URBANA, IL 61801
Abstract. A short survey of some material related to conformal gen-
eral relativity (CGR), integrable Weyl geometry, and Dirac-Weyl (DW)
theory is given which suggests that CGR is essentially equivalent to DW
with quantum mass corresponding to conformal mass; furthermore var-
ious actions can be reformulated in terms of the quantum potential.
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1. INTRODUCTION
This is primarily a survey and review article, the main point of which
is to make precise an observation of Bonal, Quiros, and Cardenas in [13]
relating conformal mass to quantum mass. We acknowledge with thanks
the valuable comments of a reviewer, some of which are partially included
here, and some typos have been corrected. A revised and shortened version
is in preparation.
Thus we will gather together some formulas involving Weyl geometry and
Weyl-Dirac theory in various ways and show connections to the Schro¨dinger
equation (SE) and Klein-Gordon equation (KG). Many aspects of this have
been sketched in [19, 20, 21, 23] (based in part on [6, 7, 8, 24, 25, 26, 43, 44,
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65, 68, 71]) and related it to Ricci flow in [22] and we now want to deepen
our understanding and rephrase some material with some expansion. The
presentations in [29, 63, 64] are very extensive so we will begin with Is-
raelit [43, 44] to get started (cf. also [52] for semi-Riemannian geometry).
We recall first the standard transformations of contravariant and covariant
vectors via x→ x¯ in the form
(1.1) T ν → T¯ ν = T σ ∂x¯
ν
∂xσ
; Tµ → T¯µ = Tσ ∂x
σ
∂x¯µ
For parallel transport of a vector along a curve from xν → xν + dxν one
sets
(1.2) dT µ = −T σΓµσνdxν ; Γλµν =
1
2
gλσ [∂νgµσ + ∂µgνσ − ∂σgµν ]
where Γλµν is the standard Christoffel symbol. Some calculation then shows
that dT = 0 under parallel transport and one obtains also (1A) dTµ =
TσΓ
σ
µνdx
ν . In Riemannian geometry one defines also covariant derivatives
via
(1.3) ∇νT µ = ∂νT µ + T σΓµσν ; ∇νTµ = ∂νTµ − TσΓσµν
From the above one determines easily that (1B) ∇λgµν = 0 = ∇λgµν and
if the vector T µ is parallel transported around an infinitesimal closed par-
allelogram it follows that (•) ∆T λ = T σRλσµνdxµdxν where the Riemann-
Christoffel tensor is
(1.4) Rλσµν = −∂νΓλσµ + ∂µΓλσν − ΓασµΓλαν + ΓασνΓλαµ
On the other hand from dT = 0 the length of the vector ∆T = 0 and one
finds
(1.5) ∇ν∇µTλ −∇µ∇νTλ = TσRσλµν
Contracting Rσµνλ gives Rµν = R
λ
µνλ and the curvature scalar R = g
µνRµν .
For Weyl geometry one has a metric tensor gµν = gνµ and a length
connection vector wµ while both the direction and the length of a vector
change under parallel transport. Thus if a vector is displaced by dxν one has
(1C) dT µ = −T σΓˆµσνdxν and its length is changed via (1D) dT = Twνdxν .
One can also write (1E) d(T 2) = 2T 2wνdx
ν and for this to agree with (1C)
and T 2 = gµνT
µT ν for arbitrary T µ and dxν requires
(1.6) gµσΓˆ
σ
νλ + gνσΓˆ
σ
µλ = ∂λgµν − 2gµνwλ
Following Weyl one assumes that the connection is symmetric (i.e. Γˆλµν =
Γˆλνµ) leading to
(1.7) Γˆλµν = Γ
λ
µν + gµνw
λ − δλνwµ − δλµwν
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Using this Weyl connection Γˆλµν one forms a covariant Weyl derivative via
(1.8) ∇ˆνT µ = ∂νT µ + T σΓˆµσν ; ∇ˆνTµ = ∂νTµ − TσΓˆσµν
One can also write then
(1.9) ∇ˆνT µ = ∇νT µ + T σ[gσνwµ − δµνwσ − δµσwν ]
This all generalizes to tensors in an obvious manner and in particular
(1.10) ∇ˆλgµν = ∇λgµν − gσν Γˆσµλ − gµσΓˆσνλ = 2gµνwλ
Similarly one has (1F) ∇Wλ gµν = −2gµνwλ.
In particular consider a spacetime with a symmetric metric tensor gµν
and an asymmetric connection Γ˜λµν defining a parallel displacement (cf.
(1C)) (1G) dT µ = −T σΓ˜µσνdxν . The connection can be split into three
parts, the Christoffel symbol, the contorsion tensor, and the nonmetricity,
namely
(1.11) Γ˜λµν = Γ
λ
µν + C
λ
µν +
1
2
gλσ[Qνµσ +Qµνσ −Qλµν ]
The contorsion tensor Cλµν may be expressed in terms of the torsion tensor
Γ˜λ[µν] = (1/2)[Γ˜
λ
µν − Γ˜λνµ] via (1H) Cλµν = Γ˜λ[µν] + gλσgµκΓ˜κ[νσ] + gλσgνκΓ˜κ[µσ].
The nonmetricity can in turn be represented as minus the covariant deriv-
ative of the metric tensor with respect to Γ˜λµν , namely
(1.12) Qλµν = −∂λgµν + gσν Γ˜σµλ + gσµΓ˜σνλ
Comparing with the Weyl connection (1.7) one can say that the Weyl geom-
etry is torsionless with nonmetricity (1I) Qˆλµν = −2gµνwλ (in Riemannian
geometry both torsion and nommetricit vanish). Further in the Weyl ge-
ometry for parallel transport of a vector T µ around an infinitesimal closed
parallelogram one has (1J) ∆T λ = T σKλσµνdx
µδxν and using (1D) there
results for the total length change (1K) ∆T = TWµνdx
µδxν . In (1J) Kλσµν
is a curvature tensor similar to the Riemannian one but with Γλµν replaced
by the Weyl connection Γˆλµν . In (1K) one has the Weyl length curvature
tensor (1M) Wµν = ∇νwµ − ∇µwν = ∂νwµ − ∂µwν and one sees that in
Weyl geometry ∆T 6= 0 unless Wµν = 0.
Transporting a vector of length T around a closed loop leads to Tnew =
T +
∫
S TWµνdS
µν where S is the area confined by the loop and dSµν a
suitable area element. If one assumes that under Weyl gauge transforma-
tions (WGT) the components T µ remain unchanged the length changes via
T → T˜ = exp(λ)T where λ(xν) is a differentiable function of the coordi-
nates. One has then
(1.13) gµν → g˜µν = e2λgµν ; gµν → g˜µν = e−2λgµν
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In order to have dT = Twνdx
ν for transformed quantities one has to take
a WGT law (1N) wν → w˜ν = wν + ∂νλ. Further a quantity is said to
be gauge covariant if under a WGT it is transformed via (1O) ψ → ψ˜ =
exp(nλ)ψ and n is called the Weyl power of ψ; one writes Π(ψ) = n. Thus
Π(gµν) = 2, Π(g
µν) = −2, Π(T ) = 1, Π(√−g) = 4, etc. If Π is zero one
has a gauge invariant quantity and making use of (1.13) and (1N) it follows
that (1P) Π(Γˆλµν) = 0; quantities are called in-invariant if they are both
coordinate and gauge invariant.
REMARK 1.1. The Dirac modification of Weyl theory involves a
scalar function β(xν) satisfying (1Q) β → β˜ = exp(−λ)β (i.e. Π(β) = −1).
Since this provides a 1-1 relation between λ and β one calls β the Dirac
gauge function (also Dirac field). Given that λ is intrinsic to Weyl space-
time one can say that β is also a part of the geometric structure (cf. also
[28, 45, 61]). 
Now some curvature tensors are developed starting with (1.4)-(1.5). Con-
tracting Rˆλσµν one obtains the Ricci tensor
(1.14) Rˆµν = Rˆ
λ
µνλ = −∂λΓλµν + ∂νΓλµλ − ΓαµνΓλαλ + ΓαµλΓλαν
This leads to the Ricci curvature R = gµνRµν and the Einstein tensor
(1R) Gνµ = R
ν
µ − (1/2)δνµR which satisfies the contracted Bianchi iden-
tity (1S) ∇νGνµ = 0. For the Weyl counterpart we have following (1.3)
(1T) ∇ˆν∇ˆµTλ − ∇ˆµ∇ˆνTλ = TσKσλµν with Weylian curvature tensor Kσλµν
given by
(1.15) Kλσµν = −∂νΓˆλσµ + ∂µΓˆλσν − ΓˆασµΓˆλαν + Γˆασν Γˆλαµ
Contracting this and using (1.7) yields
(1.16) Kµν = K
λ
µνλ =
Rµν − gµν∇λwλ +∇µwν − 3∇νwµ + 2gµνwλwλ − 2wµwν
Consequently
(1.17) Kµν −Kνµ = 4(∇µwν −∇νwµ) = −4Wµν
Contracting in (1.15) one obtains now (1U) Kλλµν = −4Wµν and from
(1.16) there is a scalar (1V) K = gµνKλµνλ = R − 6∇λwλ + 6wλwλ. One
forms also (1W) W 2 =WλσW
λσ and considers a Weyl space with torsion.
In this case the connection can be written in the form
(1.18) Γ¯λµν = Γ
λ
µν + gµνw
λ − δλνwµ − δλµwν + Cλµν
and one defines a covariant derivative (1X) ∇¯νTλ = ∂νTλ − TσΓ¯σλν with
(1.19) ∇¯ν∇¯µTλ − ∇¯µ∇¯νTλ = TσK¯σλµν − 2∇¯σTλΓ¯σ[µν]
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In summary one notes that in Riemannian geometry under parallel trans-
port the direction of a vector is changed but not its length. However in Weyl
geometry both the length and direction are changed. In theories based on
Weyl geometry the equations and laws have to be covariant with respect
to both coordinate transformations (CT) and Weyl gauge transformations
(WGT). Both Weyl connections Γˆ and Γ¯ are gauge invariant so the corre-
sponding contractions and curvatures are covariant with respect to CT and
WGT.
2. THE DIRAC WEYL APPROACH
First, following Israelit [43], we add a few more remarks about Weyl
geometry. Look first at the Weyl geometry without torsion involving Γˆλµν
with nonmetricity Qλµν as in (1.12). There are two other possible choices
of connection of interest here.
(1) For 2Γˆλµν = Γ
λ
µν + gµνw
λ + δλµwν − δλνwµ with (1C) (cf. (1.7)) there
results d2T = −Twνdxν and 2Qλµν = 2gµνwλ (cf. (1I)) leading to
a torsion tensor 2Γˆλ[µν] = δ
λ
µwν − δλνwµ
(2) Another connection is possible with the form 3Γˆλµν = Γ
λ
µν+(1/2)
2Cλµν
where 2Cλµν = 2gµνw
λ−2δλνwµ is the cotorsion tensor for 2Γˆλµν . Here
one has d3T = 0 = ∆3T and vanishing nonmetricity, but there is
torsion.
Now the Weyl-Dirac theory was developed in various ways following [28,
43, 44, 61, 65] (cf. also [19, 23] for a survey) and we follow first [43] here.
Thus one can deal with an action integral (cf. [43] for details)
(2.1) I =
∫
[W λµWλµ − β2R+ σβ2wλwλ + (σ + 6)∂λβ∂λβ+
+2σβ∂λβw
λ + 2Λβ4 + LM ]
√−gd4x
(Λ is a cosmological constant). Note here (LG = Lgeom)
(⋆) − β2K = −β2R+ 6β2∇λwλ − 6β2wλwλ
(⋆⋆) LG =W
λσWλσ−β2R+6β2∇λwλ−6β2wλwλ+k(∂λβ+βwλ)2+2Λβ4
However β2∇λwλ = ∇λ(β2wλ) − 2β∂λβwλ and the first term integrates
out, leading to (2.1). Then to avoid Proca terms one sets σ = k − 6 = 0
leading to
(2.2) I =
∫
[W λµWλµ − β2R+ 6∂λβ∂λβ + 2Λβ4 + LM ]
√−gd4x
(cf. [43] for details). Here β is an additional dynamical variable (field) with
Π(β) = −1 and one is interpreting wµ as an EM field potential with Wλµ
6 ROBERT CARROLL UNIVERSITY OF ILLINOIS, URBANA, IL 61801
as the EM field strength. The equations of the theory follow from δI = 0
and first varying gµν gives
(2.3) Gµν = Rµν − 1
2
gµνR = −8π
β2
(Mµν + T µν)+
+
2
β
(gµν∇α∇αβ −∇ν∇µβ) + 1
β2
(4∂µβ∂νβ − gµν∂αβ∂αβ)− gµνΛβ2
One has energy-momentum tensors (2B) Mµν = (1/4π)[(1/4)gµνW λσWλσ−
W µλW νλ ] for the EM field and (2C) T
µν = [(1/8π
√−g)[δ(√−gLM )/δgµν ]
for the matter. Varying wµ gives the Maxwell equation (2D) ∇νW µν =
4πJµ where Jµ = (1/16π)(δLM /δwµ) and varying in β one obtains
(2.4) βR+ 6∇λ∇λβ − 4Λβ3 = 8πB; B = 1
16π
δLM
δβ
(B is a ”charge” conjugate to β). Taking the divergence of (2D) gives the
conservation law for electric charge (2E) ∇λJλ = 0 and taking the diver-
gence of (2.3) one gets (using the Bianchi identity) the equations of motion
for the matter (2F) ∇νT µν − T (∂µβ/β) = −W µνJν .
Consider now the matter part of the in-invariant action (2.2), namely
(2G) IM =
∫
LM (
√−gd4x which depends on gµν , wµ, β, and perhaps ad-
ditional dynamical variables ψµ. Since the latter are not present in LM one
has (2H) δ[
√−gLM ]/δψµ = 0 so
(2.5) δIM = 8π
∫
[T µνδgµν + 2J
µδwµ + 2Bδβ]
√−gd4x
Now carry out a CT with an arbitrary infinitesimal vector ηµ, i.e. xµ →
x¯µ = xµ + ηµ; this yields
(2.6) δgµν = gλν∇µηλ+gµλ∇νηλ; δwµ = wλ∇µηλ+∇λwµηλ; δβ = ∂λβ ηλ
Putting this in (2.5) and integrating by parts gives
(2.7) δIM = 16π
∫
[−∇λT λµ − wµ∇λJλ − JλWµλ +B∂µβ]ηµ
√−gd4x
However since IM is an in-invariant its variation with respect to CT vanishes
so from (2.8) one obtains the conservation law (2J) ∇λT λµ + wµ∇λJλ +
JλWµλ−B∂µβ = 0. Next consider a WGT with λ(xµ) infinitesimal. Using
(1.13), (1N), and (1Q) one has
(2.8) δgµν = 2gµνλ; δβ = −βλ; δwµ = ∂µλ
Putting these in (2.5) and integrating by parts gives then
(2.9) δIM = 16π
∫
[T −∇λJλ −Bβ]λ
√−gd4x
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Given the invariance of (2.5) under WGT one has from (2.9) (2K) T =
∇λJλ + βB and in view of (2E) this leads to (2L) T = βB. Further using
(2E) and (2L) in (2J) yields (2M) ∇λT λµ −T (∂µβ/β) = −JλWµλ which is
identical with the equations of motion for the matter (2F). Going back to
the field equations (2.3) one contracts to get
(2.10) Gσσ = −
8π
β2
T +
6
β
∇λ∇λβ − 4Λβ2
Putting (2L) into (2.10) and using Gσσ = −Rσσ = R one obtains again
the equation for the β field (2.4). Consequently (2.4) is rather a corollary
rather than an independent field equation and one is free to choose the
gauge function - this freedom indicates the gauge covariant nature of the
Weyl Dirac theory.
We go now to the third paper in Israelit [44] and look at integrable Weyl-
Dirac (Int-W-D) theory where wµ = ∂µw and Wµν = 0. Thus the action
in (2.1) has no W λµWλµ term and one can introduce an ad hoc gradient
(2N) bµ = ∂µβ/β with W = w + b and Wµ = wµ + bµ (W will be gauge
invariant). Replace now k− 6 = 16πσˆ and varying the action in (2.1) with
respect to w yields (2O) 2∇ν(σˆβ2W ν) = S where S is called a Weyl scalar
charge (2P) 16πS = δLM/δw. Note here that (2.3) can be rewritten as
(2.11) Gνµ = −8π
T µν
β2
+ 16πσˆ
[
W νWν − 1
2
δνµW
σWσ
]
+
+2(δνµ∇σbσ −∇µbν) + 2bνbµ + δνµbσbσ − δνµβ2Λ
and (2.4) as
(2.12) Rσσ + k(∇σbσ + bσbσ) = 16πσˆ(wσwσ −∇σwσ) + 4β2Λ + 8πβ−1B
B is defined as before and looking at CT and WGT transformations as
above leads to
(2.13) ∇λT λµ −Swµ− βBbµ = 0; S +T −βB = 0⇒ ∇λT λµ − Tbµ = SWµ
Going back to (2.11) one can introduce the energy momentum density ten-
sor of the Wµ field
(2.14) 8πΘµν = 16πσˆβ2
[
1
2
gµνW λWλ −W µW ν
]
Making use of (2O) one obtains (2Q) ∇λΘλµ−Θbµ = −SWµ and from (2.13)
and (2Q) there results (2R) ∇λ(T λµ + Θλµ) − (T + Θ)bµ = 0. This gives a
mini-survey of the Int-W-D framework. A fascinating W-D cosmology was
developed in [43, 44] but we omit this here (cf. also [24, 26, 29, 30, 63, 64]).
There are many general theories of relativity involving spin, torsion, non-
metricity, etc. and we refer to [12, 40, 57] for information (with apologies
for omissions).
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3. CONNECTIONS TO ELECTROMAGNETISM
We go first to [43, 44, 46] and recall the Maxwell equations in the form
(3.1) ∇ · E = 4πρ; ∇×H = 4πj+ ∂tE; ∇×E = −∂tH; ∇ ·H = 0
The asymmetry regarding electric and magnetic currents is seen more clearly
in writing
(3.2) ∇νFµν = 4πJµ; ∇νF˜µν = 0; F˜µν = − ǫ
µναβ
2
√−gFαβ
where ǫµναβ is the completely antisymmetric Levi-Civita symbol. From
this one can write (3A) Fµν = ∇νAµ−∇µAν which in current free regions
can be written in Lorentz gauge as (3B) ∇ν∇νAµ + AνRµν = 0. In order
to build up a theory admitting intrinsic magnetic and electric currents and
massive photons one asumes σ = k − 6 6= 0 which for k < 6 leads to a
Proca field that can be interpreted as an ensemble of massive bosons with
spin one (i.e. massive photons). Thus take a symmetric metric gµν = gνµ,
a Weyl vector wµ, a Dirac gauge function β, and a torsion tensor Γ¯
λ
[µν] as
in (1.18) with contorsion tensor
(3.3) Cλµν = Γ¯
λ
[µν] − gλβgσµΓ¯σ[βν] − gλβgσν Γ¯σ[βµ]
and under WGT one has
(3.4) gµν → g˜µν = e2λgµν ; wµ → w˜µ = wµ + ∂µλ; β → β˜ = e−λβ
and one assumes (3C) Γ¯λ[µν] → Γ˜λ[µν] = Γ¯λµν with a curvature formula as in
(1.15), namely
(3.5) Kλµνσ = −∂σΓ¯λµν + ∂νΓ¯λµσ − Γ¯αµν Γ¯λασ + Γ¯αµσΓ¯λαν
Further there is a formula (1.19) describing geometrical properties invoked
via torsion where (via ∇¯λgµν = −2gµνwλ) one can express the torsional cur-
vature term as (3D) −2∇¯αTµΓ¯α[νσ] ∼ a∇¯αWµλΓ¯α[νσ] whereWµν is the Weyl
length curvature tensor. The action integral (2.1) is then replaced by a three
line expression (cf. [43], p. 63) with dynamical variables Γ¯λ[µν], wµ, gµν ,
and β (a dependence of LM on additional matter field variables is not ex-
cluded).
Now varying wµ in this action gives
(3.6) ∇ν
[
W µν − 2∇αΓ¯α[µν]
]
=
β2
2
(k − 6)W µ + 2β2Γ¯α[µα] + 4πJµ
where (3E) Wµ = wµ + ∂µlog(β) and under WGT (3F) W˜µ = Wµ with
16πJµ = δLM/δwµ (Wµ is called the gauge invariant Weyl connection
vector and Jµ = 0 if LM does not depend on wµ). Variation of the action
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with respect to Γ¯λ[µν] gives another field equation (cf. Israelit [43], p. 64)
involving 16πΩ
[µν]
λ = δLM/δΓ¯
λ
[µν] whose contraction yields
(3.7) ∇νW µν = −3β2W µ + 2β2Γ¯ν[µν] − 4πΩ[µν]ν
One regards Jµ as the electric current vector and the magnetic current
density vector will be expressed in terms of Ω
[µν]
λ . One has two conservation
laws following from (3.6) and (3.7), namely
(3.8) (k − 6)∇µ(β2W µ) + 8π∇µJµ + 4∇µ(β2Γ¯ν[µν] ) = 0
(3.9) 3∇µ(β2W µ) + 4π∇µΩ[µν]ν − 2∇µ(β2Γ¯ν[µν] ) = 0
Further calculation leads to the introduction of a strength tensor for the
EM fields
(3.10) Φµν =Wµν − 2∇αΓ¯α[µν] ≡ ∇νWµ −∇µWν − 2∇αΓ¯α[µν]
allowing one to write (3.6) in the form
(3.11) ∇νΦµν = 1
2
β2(k − 6)W µ + 2β2Γ¯α[µα] + 4πJµ
(note Φµν = 0 if Wµν = 0 and Γ¯
α
[µν] = 0). The dual field tensor is now
(3G) Φ˜µν = −(1/2√−g)ǫµναβΦαβ and one can write
(3.12) ∇λΦµν +∇νΦλµ+∇µΦνλ = 4π(Ωµ[νλ]+Ωλ[µν]+Ων[λµ]) ≡ 4πΘµνλ
with Ωλ[µν] ≡ gµαgνβΩ[αβ]λ . This all leads then to (3H) ∇νΦ˜µν = 4πLµ
where Lµ = −(1/6√−g)ǫµλνσΘλνσ with ∇µLµ = 0. Thus one obtains two
equations (3.11) and (3H) for Φµν and Φ˜µν . The fields are created by
intrinsic magnetic and electric currents and for k 6= 6 a Proca term appears
in the Φµν equation.
This is developed to considerable extent in Israelit [43, 44, 46] and the
torsion plays a crucial role in that one can generate a dual field tensor having
a nonvanishing divergence (making possible magnetic currents). Indeed one
can define (3I) Γ¯λ[µν] = −(1/√−g)ǫλµνσVσ leading to
(3.13) ∇νΦµν = ∇ν∇νW µ −∇ν∇µW ν = k − 6
2
β2W µ + 4πJµ;
∇νΦ˜µν = ∇ν∇νV µ −∇ν∇µV ν = −2πLµ
Working in the Einstein gauge β = 1 one has a Proca equation (3J) ∇ν∇νwµ+
κ2wµ = 0 (κ2 = (1/2)(6 − k)) and in the absence of magnetic fields V µ a
massless photon is implied via κ = 0 (cf. [5, 40, 41, 42] for other points of
view).
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4. DIVERSE DEVELOPMENTS IN WEYL GEOMETRY
We gather in this section some material from the literature in an attempt
to clarify and unify various approaches (cf. [6, 7, 8, 12, 26, 29, 30, 34, 35,
40, 47, 49, 56, 58, 61, 62, 63, 64, 65, 68, 71]). We coordinate notation by
noting that the notation for the Weyl connection differs in many of these
references but they are all equivalent modulo a factor of ±1 or ±1/2 in the
definition of wµ. Thus e.g. [43] ≡ [65]≡ [47], [64] ≡ [71] ≡ -[43], [29] ≡ [35]
≡ -[6] ≡ -[12] ≡ (1/2)[43]. There are various approaches to Weyl geometry
and we only try to build on the framework already developed in Section
1-2. Thus go to [47] which has a compatible point of view and start with
transformations (4A) gµν → exp(2λ)gµν with length changes (4B) ℓ →
exp(λ)ℓ; then the relation (1.10) holds under Weyl transformations wµ →
wµ+∂µλ. If ∂µwν−∂νwµ = 0 there is a Weyl transformation reducing wµ to
zero and the space is Riemannian (or semi-Riemannian). Here Γˆλµν is given
by (1.7) and on has curvature Kνµ from (1.17) with K as in (1I). There
is a nice discussion in [47] of attempts to develop EM in the Weyl theory
and its difficulties. In particular one problem is that the Weyl vector does
not seem to couple to spinors (see the last chapter in [47]). The Einstein-
Schro¨dinger approach to EM is also discussed along with Brans-Dicke and
Jordan theories. In terms of conformal geometry one considers conformally
equivalence via g˜µν = exp(2λ)gµν (or what is the same d˜s = exp(λ)ds)
with corresponding connection Γˆλµν as in (1.7) with wµ → −∂µλ (integrable
Weyl geometry). One gets then (in 4-D)
(4.1) R˜νρ = Rνρ + gνρ✷λ+ 2(∇ρ∇νλ+ gνρ∂σλ∂σλ− ∂νλ∂ρλ)
leading to
(4.2) R˜ = e−2λ[R + 6✷λ+ 6∂σλ∂
σλ]
where (4C) ✷λ = (1/
√−g)∂µ(
√−ggµν∂νλ) as usual. Equation (4.2) has
an alternate form since in 4-D the transformation law for a curvature scalar
is (4D) R˜ = exp(−2λ)[R + 2(✷λ+ ∂µλ∂µλ)] leading to
(4.3) R˜ = e−2λ
[
R+ 6e−λ✷eλ
]
in place of (4.2). One shows also that for φ˜ = exp(−λ)φ there results
(4.4)
˜
✷ φ˜+
1
6
R˜φ˜ = e−3λ
[
✷φ+
1
6
Rφ
]
so ✷φ+ (1/6)Rφ = 0 is conformally invariant.
There is also information on scalar-tensor theories in [47] (cf. also [34]
for a string oriented approach). We recall first (1.10) ∇ˆgµν = 2gµνwλ or in
the notation of [47] (4E) ∇ˆρgµν = 2gµνwρ. This is invariant under WGT
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(4F) gµν → exp(2λ)gµν and wµ → wµ + ∂µλ. A physical quantity X with
dimension LN can be assigned a transformation law X → exp(Nλ)X under
a conformal map. Thus conformal maps are spacetime dependent redefini-
tions of the length unit. The metric cannot be used for raising and lowering
indices since it does not commute with the Weyl covariant derivative. How-
ever in [47] (cf. also [28]) one defines a new covariant derivative which is
covariant for unit transformations as well as coordinate transformations.
For this let ∇˙ denote any covariant differentiation for some unspecified
Γ˙µνρ (e.g. ∇ˆ and Γˆµνρ). Then if X is any tensor density with dimension
number N the transformation law for the covariant derivative under a unit
transformation as above will be (4G) ∇˙ρX → exp(Nλ)(∇˙ρX + N∂ρλX).
In order to eliminate the final term in (4G) one introduces a confor-
mally covariant derivative (4H) ∇¨ρX = ∇˙ρX − NφρX where φρ is the
Weyl vector with transformation law (4F); this has the transformation law
(4I) ∇¨ρX → exp(Nλ)∇¨ρX. To determine the components of the affine
connection one imposes the restriction (4J) ∇¨ρgµν = 0 and since N = 2 for
gµν this leads to
(4.5) Γ¨ρµν = Γ
ρ
µν + gµνφ
ρ − δρµφν − δρνφµ
and this is precisely the Weyl affine connection Γˆρµν of (1.7) (∇¨µ is a “confor-
malized” covariant Weyl derivative). Because of (4J) conformally covariant
differentiation commutes with the raising and lowering of vector indices and
this new formalism is fully equivalent to that of Weyl since (4J) is precisely
the same equation as (4E). Recall that the Christoffel symbols are defined
via ∇ρgµν = 0. Now φµ cannot be assigned a conformally covariant deriva-
tive because of its peculiar transformation law under unit transformations;
it does however have a conformally covariant curl
(4.6) φµν = ∂µφν − ∂νφµ = ∇µφν −∇νφµ
which is a tensor with zero dimension number. One can also write for a
vector of dimension number (or Weyl weight) N and scalar density w
(4.7) ∇¨ρ∇¨νXµ − ∇¨ν∇¨ρXµ = P λµνρXλ + (N − 4w)φνρXµ
and for a contravariant vector
(4.8) ∇¨ρ∇¨νXµ − ∇¨ν∇¨ρXµ = −Pµλνρ + (N − 4w)φνρXµ
(note if A ∈ GL(N) then y˜ = |A|wy is a representation and y is said to
be a scalar density of weight w). The tensor P λµνρ is the curvature tensor
constructed from (4.5) which means it is the Weyl curvature Kλµνρ; it is
conformally invariant. The generalization to more general tensors follows
the pattern (for a skew symmetric tensor density)
(4.9) 2∇¨ρ∇¨νXνρ = −P νλνρXλρ − P ρλνρXνλ + (N − 4w)φνρXνρ =
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= (Pνρ − Pρν)Xνρ + (N − 4w)φνρXνρ = (4 +N − 4w)φνρXνρ
(one has used (1.17) here). For φµν itself (where w = 0 and N = −4) one
has ∇¨ρ∇¨νφνρ = 0.
The obvious choice of Lagrangian for the φµ field is, by analogy with
EM, (4K) − (1/4)√−g(1/f2)φµνφµν where f is a dimensionless coupling
constant (the physical vector field is then actually χµ where φµ = fχµ and
f represents the strength of the coupling of χµ to other fields). One wants
now to build a Lagrangian all of whose parts have zero dimension number
(such as (4K)). The mass is an inverse length with N = −1 so one writes
m = σµ whre µ is a dimensionless constant and the Lagrangian density for
the associated field σ is then taken to be (4L) − (1/2)√−g∇¨µσ∇¨µσ where
∇¨µσ = ∂µσ+φµσ. One then shows that a Dirac spinor field is not coupled
to the field φµ so that φµ cannot be interpreted as EM (see [47] for details).
REMARK 4.1. Going to Canuto et al [15] one looks at Einstein units
where (4M) G¯µν = R¯µν−(1/2)g¯µν R¯ = −8πT¯µν+Λ¯g¯µν and sets g¯µν = α2gµν
(conformal frame) to get
(4.10) G¯µν = Gµν +
2∇νβµ
β
− 4βµβν
β2
− gµν
(
2
∇λβλ
β
− β
λβλ
β2
)
(∇ here refers to gµν and Λ¯ ¯gµν = Λgµν for Λ = α2Λ¯). The right side of
(4.10) is form invariant (i.e. gµν = χ
2g′µν leads to (4.10) with α → αχ
and covariant derivative ∇′ referring to g′µν . The spacetime underlying the
ensuing Einstein equations
(4.11) Gµν +2
∇νβµ
β
− 4βµβν
β2
− gµν
(
2
∇λβλ
β
− β
λβλ
β2
)
= −8πTµν +Λgµν
is an integrable Weyl (IW) manifold (i.e. the Weyl vector φµ satisfies
∇νφµ − ∇µφν = 0 with φµ = ∂µΦ). This means that the spacetime is
conformally equivalent to a Riemannian space but φµ does have physical
significance. For the Weyl geometry we have as usual the connection Γˆλµν
as in (1.7) with curvature K as in (1V). Thus the basic theory corresponds
to our previous development. 
5. BOHMIAN QUANTUM GRAVITY
We go here to work of A. and F. Shojai and M. Golshani [65, 66, 67]
which has had a profound effect on our thinking (cf. [19, 21, 22, 23] and
see also [2, 6, 7, 8, 11, 24, 25, 28, 32, 33, 54, 62, 68, 71, 72]). We follow
the notation of A. and F. Shojai [65] which is visibly compatible with
Sections 1-3 but some adjustment seems necessary in the notation (we will
therefore also indicate the equations of [28] and [45, 61] below in an attempt
to unify all approaches - for brevity we omit the basic points of [25]).
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Going then to [65] one refers to [1, 28] and begins with (5A) δℓ = φµδx
µℓ
or equivalently ℓ = ℓ0exp(
∫
φµdx
µ). The length change corresponds to a
metric change (5B) gµν → exp(2
∫
φµdx
µ)gµν and one arrives at a Weyl
affine connection as before, namely Γˆµνλ ∼ Γ¨µνλ. Given a transformation
(5C) φµ → φ′µ = φµ + ∂µΛ one has δℓ → δℓ + (∂µΛ)δxµℓ. The curl of the
Weyl vector is Fµν = ∂µφν − ∂νφµ has features similar to and EM field
strength but as noted in [47] should not be identified with EM. Now the
Weyl-Dirac action is taken as
(5.1) A =
∫
d4x
√−g(FµνFµν − β2K + (σ + 6)∇¨µβ∇¨µβ + LM )
where β is a scalar field of weight −1. The covariant derivative here is
written as (5D) ∇¨µX = ∇ˆµX −NφµX (discussed below).
REMARK 5.1. Let us group together some versions of the action.
First from [47] in (4H) one has ∇¨ρX = ∇˙ρX − NφρX which agrees with
e.g. [43] and (5D) should be tuned to this. Then we want to compare A in
(5.1) with I of (2.1) (recalling (⋆) and (⋆⋆) after (2.1) and the reduction
β2∇λφλ → −2βφλ∂λβ after integration. We write for comparison some
action formulas to compare with (5.1). Thus (2.1) gives (cf. [43])
(5.2) I =
∫
[W λµWλµ − β2R+ σβ2wλwλ + (σ + 6)∂λβ∂λβ+
+2σβ∂λβw
λ + 2Λβ4 + LM ]
√−gd4x
while (??) (from [45]) is
(5.3) LD =WµνW
µν−β2R+k∂µβ∂µβ+(k−6)(2βwµβµ+β2wµwµ)+2Λβ4
On the other hand from [61] one has (5E) ∗∇νAµ = ∇ˆνAµ − NφνAµ ≡
∇¨νAµ as a comformalized Weyl derivative (cf. (4H) with (5E) ∇ˆσgµν =
2gµνφσ ≡ ∇¨σgµν = 0). Rosen [61] also discusses connections (5F) Γ˜σµν =
Γˆσµν + δ
σ
µφν with Γ˜σgµν = 0 and acting on “standard” vectors (Π(ξµ) = 1 or
Π(ξµ) = −1) one has e.g. (5G) ∇˜νξµ = ∇¨νξµ One notes that Γ˜σµν involves
torsion. Rosen then takes for an in-invariant action (F ∼W )
(5.4) A = FµνF
µν − β2K + k∇¨µβ∇¨µβ + 2Λβ4 + LM
where ∇¨µβ∇¨µβ = (∂µβ + φµβ)(∂µβ + φµβ) (recall N(β) = −1) so that
(5H) k∇¨µβ∇¨µβ = ∂µβ∂µβ+2φµβ∂µβ+β2φµφµ. Hence, setting k− 6 = σ
one has (cf. (2.1))
(5.5) A = FµF
µν + k[∂µβ∂
µβ + 2φµβ∂
µβ + β2φµφ
µ]+
+2Λβ4 + LM − β2R− 6β2φλφλ − 6 · 2βφλ∂λβ = FµνFµν+
+(σ + 6)∂µβ∂
µβ + 2Λβ4 + LM − β2R+ σφµφµ + 2σβφµ∂µβ
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as in [61] (and this agrees, not surprisingly, with [43] and (2.1)). Thus we see
that (5.1) is the same as (5.4) where we only need to revise the notation of
[65] to be (5I) X;µ = ∇¨µX = W∇µX−NφµX = ∇ˆµX−NφµX identifying
W∇µX with ∇ˆµX and X;µ = ∇¨µX. 
We continue now with our sketch from F. and A. Shojai [65] and will
extract more or less freely in order to accurately transmit the thrust of the
arguments. Thus one has equations of motion
(5.6) Gµν = −8π
β2
(T µν +Mµν) +
2
β
(
gµν∇ˆα∇ˆαβ − ∇ˆµ∇ˆνβ
)
+
+
1
β2
(4∇µβ∇νβ − gµν∇αβ∇αβ) + σ
β2
(
∇¨µβ∇¨νβ − 1
2
gµν∇¨αβ∇¨αβ
)
(5.7) ∇ˆνFµν = 1
2
σ
(
β2φµ + β∇µβ)+ 4πJµ;
R = −(σ + 6)
ˆ
✷ β
β
+ σφαφ
α − σ∇ˆαφα + ψ
2β
where (5J) Mµν = (1/4π)[(1/4)gµνFαβFαβ − FµαF να] and
(5.8) 8πT µν =
1√−g
δ
√−gLM
δgµν
; 16πJµ =
δLM
δφµ
; ψ =
δLM
δβ
The equation of motion of matter and the trace of the energy momentum
tensor can be obtained from the invariance of action under coordinate and
gauge transformations yielding
(5.9)
∇ˆνT µν−T∇
µβ
β
= Jαφ
αµ−
(
φµ +
∇µβ
β
)
∇ˆαJα; 16πT −16∇ˆµJµ−βψ = 0
The first equation in (5.9) is a geometrical identity (Bianchi) and the second
results from the non-independence of the field equations. The Weyl vector
is being used as part of the geometry of spacetime and is in no way confused
with an EM field. One will see that the Dirac field β represents a quantum
mass field and both the gravitational fields gµν and φµ together with the
quantum mass field β determine the geometry of spacetime. In some sense
the gravitational fields determine the causal structure of spacetime while
the quantum effects give the conformal structure. However this does not
mean that the quantum effects have nothing to do with the causal struc-
ture since it can act there via back-reaction terms in the field equations.
The conformal factor is in fact a function of the dimensionless quantum
potential (5K) Q = α(✷
√
ρ/
√
ρ where α = ~2/m2c2 and ρ is an ensemble
density of the system. In fact one has a quantum Hamilton-Jacobi (HJ)
equation (5L) ∇µS∇µS = M2c2 = m2c2exp(Q) ∼ m2c2(1 + Q) (see here
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[21, 51] for the exponential exp(Q)). One can either consider the quantum
mass field M and the classical metric or a classical mass and a quantum
metric to obtain the same results. Thus different conformal frames are
identical pictures of the gravitational and quantum phenomena; one would
feel different quantum forces in different conformal frames. This can be
formulated into a conformal equivalence principle (cf. [65]) and the Weyl
geometry provides a unified geometrical framework for dealing with the
gravitational and quantum forces. One will have geodesic equations
(5.10)
dxµ
dτ2
+ Γµνλ
dxν
dτ
dxλ
dτ
=
1
M
(
gµν − dx
µ
dτ
dxν
dτ
)
∇νM
and we refer to [65] for more philosophy.
One now simplifies the model by assuming that the matter Lagrangian
does not depend on the Weyl vector so Jµ = 0; then the equations of motion
are
(5.11) Gµν = −8π
β2
(T µν +Mµν) +
2
β
(
gµν∇ˆα∇ˆαβ − ∇ˆµ∇ˆνβ
)
+
+
1
β2
(5∇µβ∇νβ − gµν∇αβ∇αβ) + σ
β2
(
∇¨µβ∇¨νβ − 1
2
gµν∇¨αβ∇¨αβ
)
(5.12)
∇ˆνFµν = 1
2
σ(β2φµ + β∇µβ); R = −(σ + 6)
ˆ
✷ β
β
+ σφαφ
α − σ∇ˆαφα + ψ
2β
(5.13) ∇ˆνT µν − T∇
µβ
β
= 0; 16πT − βψ = 0
Note here from (5.12) that (5M) ∇ˆµ(β2φµ + β∇µβ) = 0 so that φµ is not
independent of β.
Now for the quantum mass field one notes from (5.12) and (5.13) that
(5.14) ✷β +
1
6
βR =
4π
3
T
β
+ σβφαφ
α + 2(σ − 6)φγ∇γβ + σ
β
∇µβ∇µβ
This equation can be formally solved iteratively and one writes (5N) β2 =
(8πT/R)−[(R/6)−σφαφα]−1β✷β+· · · . The first and second order solutions
are
(5.15) β21 =
8πT
R
; β22 =
8πT
R
(
1− 1
(R/6) − σφαφα
✷
√
T√
T
+ · · ·
)
To obtain the geodesic equation one uses (5.13) and assumes that matter
consists of dust with energy momentum tensor (5O) T µν = ρuµuν where ρ
(resp. uµ) represent matter density (resp. matter velocity). Putting (5O)
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into (5.13) and multiplying by uµ leads to (5P) ∇ˆν(ρuν)− ρ(uµ∇µβ/β) =
0. Then putting (5.13) into (5P) again one obtains (5Q) uν∇ˆνuµ =
(1/β)(gµν − uµuν)∇νβ. Comparison now of (5.15) and (5Q) with (5.10)
and (5L) shows that one has the correct equations for Bohmian quantum
gravity provided
(5.16) β ∼M; 8πT
R
∼ m2; 1
σφαφα − (R/6) ∼ α
Note also that since a gauge transformation can transform a general space-
time dependent Dirac field to a constant one and vice-versa it can be shown
that the quantum effects and the length scale of spacetime are closely re-
lated. Thus suppose one is in a gauge where the Dirac field is constant; then
applying a gauge transformation one can change it to a spacetime depen-
dent function (5R) β = β0 → β = β0exp(−Λ(x)) via (5S) φµ → φµ + ∂µΛ.
Thus the gauge in which the quantum mass is constant (with zero quantum
force) and the gauge in which it is spacetime dependent are related by a
scale change; i.e. φµ in the two gauges differs by −∇µ(β/β0). Since φµ is
part of Weyl geometry and β represents the quantum mass one concludes
that the quantum effects are geometrized.
REMARK 5.2. The work of Quiros et al in [3, 4, 13, 37, 58, 59, 60]
is very striking and we discussed this at some length in [19] (cf. also [23]).
One can begin in [59] with the transformation of units theme. One has two
Brans-Dicke (BD) actions (gˆab = Ω
2(x)gab, mˆ = Ω
−1(x)m, etc.)
(5.17) (A) SBD =
∫
d4x
√−g
[
φR− ω
φ
|∇φ|2 + 16πLM
]
;
(B) SˆBD =
∫
d4x
√
−gˆ
[
Rˆ−
(
ω +
3
2
)
|∇ˆψ|2 + 16πe−2ψLM
]
(φ → exp(ψ), Ω2 = φ). The conformal Riemann structure gˆ ∼ integrable
Weyl spacetime. According to Quiros et al the laws of spacetime should be
invariant under transformations of the group of point dependent transfor-
mations of units (length, time, mass); this is called the BD postulate. In
addition to (5.17) one has an Einstein frame from general relativity (GR)
derived from
(5.18) SGR =
∫
d4x
√−g(R − α|∇ψ|2 + 16πLM )
(cf. [13, 48, 58]) whose conformal form (conformal GR) is
(5.19) SˆGR =
∫
d4x
√
−gˆe−ψ
[
Rˆ−
(
α− 3
2
)
|∇ˆψ|2 + 16πe−ψLM
]
=
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∫
d4x
√
−gˆ
[
φˆRˆ−
(
α− 3
2
) |∇ˆφˆ|2
φˆ
+ 16πφˆ2LM
]
(Ω2 = exp(ψ) = φ and φˆ = exp(−ψ) = φ−1) and we recall ∇cgab =
0 is transformed into ∇ˆcgˆab = (∂cψ)gˆab (cf. (1.10) and note (∇ˆψ)2 =
[∇ˆ(−log(φˆ)]2 = (∇ˆφˆ)2/φˆ2). Thus Riemannian geometry is transformed
into IW geometry. One then eventually concludes (cf. [59, 60] that the only
consistent formulation is conformal GR based on (5.18) - namely (5.19).
This means that BD theory, which is naturally linked with Riemannian
geometry, is not consistent with unit transformations (nor is Einstein GR);
however conformal GR as in (5.19) is consistent and is naturally linked with
Weyl geometry. It appears that the conformal BD theory as in (5.17B)
differs from conformal GR only in a parameter choice α = ω + 3; however
there is a difference in the matter Lagrangian LM and this leaves conformal
GR as the only consistent formulation. There is a great deal of discussion
of these matters in [3, 4, 13, 17, 18, 37, 48, 58, 59, 60]. In this regard
note that under a conformal rescaling (5T) Ω2 = exp(ψ) (5.18) becomes,
following [13] (φˆ = exp(−ψ))
(5.20) SˆGR =
∫
d4x
√
−gˆ
[
φˆRˆ− α− (3/2)
φˆ
|∇ˆφˆ|2 + 16πφˆ2LM
]
as in (5.19) where φˆ = exp(−ψ) (cf. [13]) and again ∇ˆcgˆab = wcgˆab where
wa is the Weyl gauge vector (wa ∼ ∂aψ ∼ −∂aφˆ/φˆ). Note here that
the equations of free motion in the Weyl spacetime based on (5T) with
(5U) SM = 16π
∫
d4x
√−gˆφˆ2LM will have the form
(5.21)
d2xa
dsˆ2
+ Γˆamn
dxm
dsˆ
dxn
dsˆ
− ∂nψ
2
(
dxn
dsˆ
dxa
dsˆ
− gˆna
)
= 0
which are conformal to
(5.22)
d2xa
dx2
+ Γamn
dxm
ds
dxn
ds
= 0
and mass follows the rule mˆ = φˆ−1/2m. If one sets now φˆ−1 = 1 + Q
(following [66]) where Q is the quantum potential (actually φˆ−1 = exp(Q)
following (5L)), then the last term on the left in (5.21) represents a quantum
force (via ∂nψ = ∂nlog(φˆ) = ∂nexp(Q)). Recall here Ω
2 = exp(−ψ) = φˆ−1
is the conformal factor in gˆab = Ω
2gab so (5V) gˆab = φˆ
−1gab = exp(Q)gab =
(M2/m2)gab where we have now identified mˆ with the quantum mass M
(cf. [13, 19, 21, 23, 65, 66, 67]). We recall here that there are equa-
tions similar to (5.21) in [65] with −(∂nψ/2) ∼ (∂nM/M) so in some
sense (modulo constants) ψ ∼ log(M−2) ∼ log(φˆ) which implies φˆ−1 ∼
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M
2 ∼ Ω2. The arguments here now assert that a free falling test par-
ticle in Weyl spacetime would not feel the quantum force when follow-
ing the path described by (5.21). Thus the IW geometry implicitly con-
tains the effects of some quantum matter. Note that mass changes via
(5W) mˆ = exp[−(1/2)ψ]m ∼ φˆ−(1/2)m = exp(Q/2)m = M as already
indicated in the quantum mass formula from [65, 66, 67] (see here (5K)-
(5L) where (⋆⋆) Q = (~2/m2c2)(✷
√
ρ/
√
ρ) for some ensemble density of
quantum matter ρ = R2). It would be interesting to speculate now on a
connection between dark matter and quantum matter (see Section 6). 
6. DARK ENERGY AND DARK MATTER
Connections between dark matter and Weyl-Dirac theory go back at least
to Israelit and Rosen [43, 45] while in [26] Castro discusses dark energy and
Weyl geometry (cf. also [53]). We have already reviewed and sketched some
of the material from [43, 44, 45] in [19, 23] and a brief sketch is given in
Remark 3.1 (cf. also [3, 4, 10, 13, 14, 15, 17, 18, 31, 36, 37, 39, 48, 53, 55,
58, 59, 60, 73]).
REMARK 6.1. There is considerable material concerning Weyl dark
matter arising from from wµ; this is in the form of a Weyl gas consisting
of massive bosons of spin one. Another form of dark matter is constructed
using the β field (cf. also [26, 68]). A sketch of the theory for conformally
coupled dark matter appears in the last paper of [44] from which we extract
here. Thus the field equations of the Weyl-Dirac theory can be derived via
(6A) δID = 0 where ID =
∫
LD
√−gd4x and
(6.1) LD =WµνW
µν−β2R+k∂µβ∂µβ+(k−6)(2βwµβµ+β2wµwµ)+2Λβ4
Dirac took k = 6 in which case wµ can be interpreted as the vector potential
of the EM field and Wµν becomes the field tensor; this leads to (6B) LD =
WµνW
µν−β2R+6βσβσ+2Λβ4. For cosmological purposes one now neglects
the Maxwell term so that (6C) LD = −β2R+6βσβσ +2Λβ4. Putting this
into (6A) one has the action for a conformal space and combining with
the E-H action for gravitation and matter (6D) LG =
∫
(R+ LM )
√−gd4x
leads to
(6.2) I =
∫
[R+ LM + 8π(β
2R+ (1/3)Λβ4)]
√−gd4x
This is the general covariant action for a scalar field β(x) coupled confor-
mally to gravitation; one assumes here that LM does not depend on β while
dark matter is obtained from β. Now varying the metric tensor in (6.2)
gives (6E) Rµν − (1/2)gµνR = −8π(Tµν + Ξµν) where (6F) 8π
√−gTµν =
δ(
√−gLM/δgµν) and the dark matter comes from the energy momentum
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density of the β field
(6.3)
6Ξµν = 4βµβν − gµνβσβσ − 2β∇νβµ + 2gµνβ∇σβσ = β2(Rµν − (1/2)gµνR)
Further variation in β yields the field equations
(6.4) ∇σβσ + (1/6)βR = 0⇒ Ξσσ = 0⇒ R = 8πT σσ
Hence the field equation in (6.4) becomes (6G) ∇σβσ = −(4π/3)βT σσ so
that the behavior of the conformally coupled field depends on the amount
and state of ordinary matter. Finally using the contracted Bianchi iden-
tity one obtains from (6.3) (6H)∇νΞνµ = 0 and from (3O) the equation
(6I) ∇νT νµ = 0. 
REMARK 6.2. In order to indicate relations to Brans-Dicke (BD) the-
ory, which arises in some treatments of dark energy as in Remark 6.1, we re-
view briefly the Weyl-Dirac theory following [28] (sketched also in [19, 23]).
One starts with ds′ = γds, ds2 = gµνdx
µdxν → γ2ds2 (γ ∼ exp(λ)), etc.
and
√−g has weight (or power) 4. If T is a tensor and T → γNT it is
called a cotensor of power N. One takes a connection (6J) ∗Γαµν as in (4.5)
(or (1.7)) so that (6K) ∇∗µS = ∇ˆµS−NφµS as in (4H) where ∇ˆµ is based
on Γˆλµν ∼ Γ¨λµν . Then in particular (∇∗ ∼ ∗∇)
(6.5) ∇∗νA = ∂νAµ − ΓˆλµνAλ −NφνAµ =
= ∇νAµ − (N − 1)φνAµ + φµAν − gµνφαAα
(co-covariant derivative of Aµ) and also (6L) R
∗ = R−6∇σφσ+6φσφσ = K
as in (1V). For the vacuum action Dirac takes
(6.6) I =
∫ [
1
4
WµλW
µλ − β2R∗ + k∇µ
∗
β∇∗µβ + cβ4
]√−gd4x
which, via (6L) and ∇µ(β2φµ)→ 0 leads to
(6.7) I =
∫ [
1
4
WµλW
µλ − β2R+ 6βµβµ + cβ4
]√−gd4x
where βµ ∼ ∂µβ and k = 6. This agrees with (2.2) (up to a factor of 1/4)
when LM is omitted and c ∼ 2Λ. This vacuum action no longer involves
the φµ explicitly but only via Fµν and is therefore invariant under trans-
formations φµ → φµ + ∂µχ. The Einstein gauge involves β = 1 and yields
the standard Einstein equations. Variation of the action gives (6M) δI =∫
[(1/2)Pµνδgµν +Q
µδφµ+Sδβ]
√−gd4x where the term cβ4√−g has been
dropped on the grounds of only being important for cosmology. One obtains
then (calculations are omitted and perfect differentials are neglected)
(6.8) δ[(1/4)FµνF
µν√−g] = (1/2)Eµν√−gδgµν − Jµ
√−gδφµ;
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Eµν =
1
4
gµνFαβFαβ − FµαF να ; Jµ = ∇ˆνFµν =
√−g−1∂ν(Fµν
√−g)
Further calculation (continuing to neglect perfect differentials) gives then
(6.9) Qµ = −Jµ; S = −2βR = 12∇ˆµβµ;
Pµν = Eµν+β2(2Rµν−gµνR)−4gµνβ∇ˆρβρ+4β∇ˆνβµ+2gµνβσβσ−8βµβν
The field equations for the vacuum are then (6N) Pµν = 0; Qµ = 0; S =
0 which are not all independent since (6O) P σσ = −2β2R−12β∇ˆσβσ = βS;
thus the S equation is a consequence of the P equations. If one omits the
EM term from the action it becomes the same as the Brans-Dicke action
with integrand (6P) ψR − (ω/ψ)∂iψ∂iψ where e.g. ψ ∼ −β2 (cf. [14])
except that the latter allows an arbitrary value for the parameter k leading
to an additional field equation, namely ✷β2 = 0. 
REMARK 6.3. Dark energy and quintessence are treated in [4, 9, 17,
18, 26, 27, 37, 38, 73] for example and often models of the form
(6.10) S =
∫
d4x
√−g
[
c2
16πG
(R− 2Λ) + Lφ + LM
]
are used, where Lφ involves a quintessence field (6Q) Lφ = −(1/2)∂nφ∂nφ−
V (φ). One then often goes directly to an FRW universe with metric
(6R) ds2 = −dt2+a2(t)δikdxidxk for example. In [15] Castro uses a Jordan
BD action with a Jordan BD field φ of Weyl weight −1
(6.11) S = −
∫
d4x
√
|g|[φ2(WR)− (1/2)gµνDµφDνφ− V (φ)]
where Dµφ = ∂µφ−Aµφ and WR = R− 6AµAµ + 6∇µAµ (with signature
(+,−,−,−) - recall K = Rˆ − 6∇λwλ + 6wλwλ with signature (−,+ + +)
so K ∼ −WR via R → −R under signature change). We omit further
discussion for the moment. 
REMARK 6.4. We turn now to dark matter following Israelit [43, 44]
and go back to the formulas of Section 2; thus using the action (2.1) with
no Wλµ and a slight change in parameter expression leads to (R
σ
σ = R)
(6.12) I =
∫
d4x
√−g[−β2Rσσ − 16πκ2(β2wσwσ+
+2βwσ∂σβ + g
λσ∂λβ∂σβ) + 6g
λσ∂λβ∂σβ + 2Λβ
4 + LM ]
(here σ + 72πκ2 = 3 using 2βµ = βwµ as in (6S) below). We want to
keep in mind here that the Dirac field β may be identified with a quantum
mass M ∼ β as indicated in (5.16). We have also seen in Remark 5.2 that
conformal Einstein gravity (i.e. conformal GR) with φˆ = exp(−ψ) and
Ω2 = exp(ψ) also exhibits quantum mass via φˆ−1/2 = exp(Q/2). Thus
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gˆab = Ω
2gab with M
2/m2 = Ω2 = φˆ−1 which implies M2 = β2 = φˆ−1m2 or
β = mφˆ−1/2 and conformality would then automatically introduces a Dirac
field in addition to a gauge field as indicated after (5.20) (see Remark
6.5). Consequently the step to consistent units transformation properties
via conformality leads automatically to Weyl geometry, to quantum mass,
and to some kind of Dirac-Weyl theory. Therefore Weyl spacetime has
quantum mass in its very existence and insofar as Weyl geometry produces
also dark matter as in [43, 44] (see below) it seems to mean that there is a
relation between quantum matter and dark matter (note this is all implicit
in [19, 23]). Note also that Q/2 = −(1/2)log(φˆ) = (1/2)ψ = log(β/m) so
formulas in φˆ go directly into formulas in Q with no intervening mass term
m (also Q = 2log(β/m) ⇒ exp(Q) = β2/m2). In particular (5.19)-(5.20)
become (φˆ ∼ exp(−Q) ≡ ψ = Q)
(6.13)
SˆGR =
∫
d4x
√
−gˆ
[
e−QRˆ−
(
α− 3
2
)
eQ(∇ˆe−Q)2 + 16πe−2QLM
]
=
=
∫
d4x
√
−gˆe−Q
[
Rˆ−
(
α− 3
2
)
(∇ˆQ)2 + 16πe−QLM
]
Note (5.20) is conformal GR obtained from (5.18) via a conformal rescaling
which of necessity leads to a relation between φˆ and Q via connection to
an IW theory with Ω2 = M2/m2 = exp(Q); moreover via (5W) we obtain
M = mˆ. The W-D theory of Section 5 with action as in (5.3) also produces
a conformal factor M2/m2 and a quantum mass M ∼ β so in some sense
(6.11) is equivalent to a Weyl-Dirac theory with action as in (5.2) and
β ∼ M. Thus perhaps we should try to put (5.20) into a suitable Weyl-
Dirac form (based on e.g. (6.12) or (2.1). Recall from (⋆) (cf. Remark
7.1)
(6.14) − β2K = −β2Rˆ = −β2R+ 6β2∇λwλ − 6β2wλwλ
with β2∇λwλ → −2βwλ∂λβ after integration, leading to a version of (2.1)
(6.15)
I =
∫
d4x
√−g[−β2R+ σβ2wλwλ + (σ + 6)∂λβ∂λβ + 2σβwλ∂λβ + 2Λβ4]
We would like to find a W-D action with mˆ ∼ mφˆ−1/2 which arises from
a gravitational situation, involving an equation of the form (2.1), (2.2),
(3.14), (5.3), (6.7), or (6.12). Thus in addition to (6.15) ∼ (2.1) consider
the essential integrands (βµ = ∂µβ)
(6.16) − β2R+ kβµβµ + (k − 6)(2βwµβµ + β2wµwµ + 2Λβ4 ∼ (5.3);
−β2R+ 6βµβµ + cβ4 ∼ (2.2) ∼ (6.7);
−β2R− 16πκ2(β2wσβσ + 2βwσβσ + βσβσ) + 6βσβσ + 2Λβ4 ∼ (6.12);
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√
−gˆ
[
φˆRˆ− [α− (3/2)]
φˆ
(∇ˆφˆ)2
]
∼ (5.20)
(note φˆ2
√−gˆ ∼ √−g via gˆab = Ω2gab ≡ gab = φˆgˆab). Note also that
(6Q) wµ = ∂µψ = −φˆµ/φˆ and (6R) β = mφˆ−1/2 ⇒ βµ = (β/2)(−φˆµ/φˆ).
Consequently (6S) βµ = (1/2)(wµβ)⇒ ∂µlog(β) = (1/2)wµ and for exam-
ple in (6.3) one has
(6.17) − β2R+ 6βµβµ + cβ4 ∼ −β2R+ 3ββµwµ + cβ4
To clarify (6.17) we note that for σ = 0 in (6.15) one has an integrand
(using (6S) - recall βµ = ∂µβ)
(6.18) − β2R+ 6βλβλ + 2Λβ4 = −β2R+ 3ββµwµ + 2Λβ4
and this corresponds to the original Dirac form (6.7) ≡ (2.2) so (6.18) comes
then from Israelit’s (2.1) and hence (6.12). We also observe that the Shojai
action in [65] (from which the β = M result emerges) has the form
(6.19) A =
∫
d4x
√−g
[
W µνWµν − β2Rˆ+ (σ + 6)∇¨µβ∇¨µβ + LM
]
which is the same as the Rosen action (5.4) (agreeing with (2.1)). Hence
our calculations seem to imply the following
7. SOME SUMMARY REMARKS
The introduction of unit invariants to GR leads from classical Einstein
GR to an IW geometry in conformal GR with gˆab = Ω
2gab. A “confor-
mal” mass then arises via mˆ2/m2 ∼ φˆ−1 where φˆ = exp(−ψ) and the
Weyl vector is wµ = ∂µψ = −(φˆµ/φˆ) with action (5.20). The conformal
mass has the form mˆ = mφˆ−1/2 following [13] and mˆ2/m2 = φˆ−1 = Ω2.
On the other hand one can construct a Dirac-Weyl theory with action
(2.1) ≡ (6.15) ≡ (5.3) ≡ (5.4) which are also equivalent to the Shojai ac-
tion (6.19) from which is derived Ω2 = M2/m2 = exp(Q) with Q a natural
quantum potential as in (5K) and M ∼ β. The identification now of mˆ
with M then leads to β ∼ M = mˆ with (6Q) 2βµ = wµβ and to (6.13)
expressing SˆGR in terms of the quantum potential Q as in (5K) ∼ (⋆⋆).
This may also suggest some connections of dark matter to the ensemble
density characterizing the quantum potential via the procedures of [43, 44].
REMARK 7.1. As indicated after (6.20)
√−gˆφˆRˆ ↔ √−gR in (5.20)
and thus (5.20) is connected to the Weyl-Dirac actions above. More pre-
cisely following e.g. [16] we think of conformal transformations gˆµν = Ω
2gµν
(so ω2 ∼ exp(−2w) in [16] or Ω2 ∼ −(1/2F )). Then
(7.1)
√
−gˆ(FRˆ + (1/2)gˆµν ∇ˆµχˆ∇ˆνχˆ− Vˆ (χˆ) =
=
√−g[−(1/2)R + (1/2)∇αχ∇αχ− V (χ)]
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Note in particular that
√−gˆRˆ(2Ω2)−1 ↔ −√−g(R/2) so Ω2√−gR ∼√−gˆRˆ ≡ √−gR ∼ φˆ√−gˆRˆ as indicated after (6.20). In addition one has
(7A) (1/2)
√−gˆ∇ˆνχˆ∇ˆνχˆ↔ (1/2)
√−g∇αχ∇αχ and going to (5.1)-(5.2) or
(6.19) for example we see that covariant derivatives go into covariant deriva-
tives of the same form. Moreover from β2 = m2φˆ−1 = m2exp(ψ) = m2Ω2
we can write 2∂aβ/β = ∂aψ etc. and thus β derivatives go into ψ deriva-
tives times exp(ψ/2), which is consistent with (5.19) for example. Thus
it appears as if the Weyl-Dirac formulation is in fact equivalent to that of
conformal GR but some details could still deserve to be checked. 
REMARK 7.2. Despite all the beautiful formulas involving Q =
α(✷
√
ρ/
√
ρ) where ρ ∼ |Ψ|2 for Ψ a Schro¨dinger wave function there are
problems in interpretation of |Ψ|2 as a probability density. This has been
addressed by many authors including Du¨rr, Goldstein, Zanghi, et al and
Nikolic´ (see e.g. [19, 23, 50]). 
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